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Introduction

And then there were three



The dread of an empty universe

In my mind, the first “emptiness” I created was the infinity of space. There
was nothing in it, not even light.

— The Three-Body Problem, Liu Cixin, transled by Ken Liu, 2014
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The first sphere

So I created a sphere in this infinite space for myself: not too big, though
possessing mass. [..] It hung there, never moving, never changing, like a
perfect interpretation for death.
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The first sphere

0 big, though
e=anging, like a

-
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The second sphere

[ created a second sphere whose mass was equal to the first one’s. |...] they
would be quickly pulled together by their own gravitational attraction. [...]
No matter what the initial conditions, the revolutions would eventually
stabilize and become unchanging: the dance of death.
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The second sphere
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The orbits aré ellipses
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The third sphere

I then introduced a third sphere, and to my astonishment, the situation
changed completely. |...] The sphereless, one-sphere, and two-sphere uni-
verses all showed up as a single equation or a few equations, like a few
lonesome leaves in late fall. But this third sphere gave “emptiness” life. The
three spheres, given initial movements, went through complex, seemingly
never-repeating movements. The descriptive equations rained down in a
thunderstorm without end.
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The third sphere
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The third sphere
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The Lagrange relative equilibrium
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The Lagrange relative equilibrium

Stable (Gascheau-Routh criterium) if

mym, + mym, + m,m, ]

(mg+m, + m2)2 27
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The Lagrange relative equilibrium

Stable (Gascheau-Routh criterium) if (1-€,60) — &, ~0.0385

mym, + mym, +m;m, ] <
27 (1-2¢,¢6¢€) - :20.0191

(mg+m, + m2)2
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VF .:state of the art

A peculiar family




The vertical family - equal masses
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The vertical family - equal masses

State A State B
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The vertical family - equal masses

Link conjectured by Marchal in 2000, proved in
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The vertical family - small masses

490°JTL
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‘i Ju‘;i’ter ; 60’
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0 co® 420° 180"
y - VF . in the average circular restricted problem
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A historical note: forgetting previous work

results closely related to (non-average case)

But ‘s method is described in “Zagouras, C.G.: 1982, Post

doctoral dissertation, University of Patras, Greece.”
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A historical note: forgetting previous work

... And (Zagouras 1985) is an extension of (Moulton 1920), chap IX (by Buck)!
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Marchal’s generalized conjecture

These periodic orbits belong to a three parameter family of similar periodic
orbits of the general three body problem, two parameters being the mass
ratios of the three bodies and the third a generalization of the inclination
i. [..] The one parameter family P, of is another limit case
of this three parameter family: the case of three equal masses.
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An analytical approach by Robutel

Complex Poincare-like coordinates, heliocentric rotating frame

Planetary problem

(1-€(m, +m,),em,, em,), & < 1

|

The submanifold of eccentricity 0 is invariant under the flow: circular
problem
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Je-neighborhood of co-orbital motions
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Averaging over fast angle {,



An analytical approach by Robutel

F(Z1’Z1’C) = aZ\%+/£ﬁ (ch)

Mass
dependencies

For a fixed C,, one-parameter family of equilibrium points satisfying

oF
Z,=0, ¢ = Z(CO), a_ZI(Z(CO)’ Co) =0

F, independant of masses! = Study valid for all small masses
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An analytical approach by Robutel

F(Z1’Z1’C) = aZ\%+/£ﬁ (ch)

Mass
dependencies

For a fixed C,, one-parameter family of equilibrium points satisfying

oF
Z,=0, ¢ = Z(CO), a_ZI(Z(CO)’ Co) =0

F, independant of masses! = Study valid for all small masses

 Equilibria in the average rotating problem
* Periodic orbits in the non-average rotating problem
- Quasi-periodic (two frequences) in the rest frame!
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An analytical approach by Robutel
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Figure 13: Masses (0.998,1073,1073)
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An analytical approach by Robutel
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Figure 14: Masses (0.998,107%,1073)
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Numerical methods

Searching for recurring
dynamics




Manipulating the three-body problem

f:xm—Xx
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Manipulating the three-body problem

positions
X=1909,:9; Py P1: P,

momenta

hf:X > X = (qoyd1;d2rporp1'p2)

p=) Gmm

Hq, a,|

_ A

-4
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Periodic orbits

The flow

@t:xOHx(t)=£tfox
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Periodic orbits

The flow A periodic orbit

<Dt=xo»x<t>=[0tfox D, (x) = X
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Periodic orbits

The flow A periodic orbit

<Dt=xo»x<t>=[0tfox D, (x) = X

We search for zeros of o -/
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Periodic orbits

The flow A periodic orbit
t d_(x) = x
CDt:X0|—>X(t)=f fex r(X)
0
We search for zeros of o -/

Two problems
» Compute @,
» Find the zeros
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Other approaches to search of periodic orbits

 Searching for action extrema

>

» Iterations on quasi-periodic approximations with frequency analysis

>

 Lindstedt-Poincare methods

>
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Other approaches to search of periodic orbits

Searching for action extrema

>

Iterations on quasi-periodic approximations with frequency analysis

>

Lindstedt-Poincare methods

>

Newton method for fixed point of the flow

>
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Looking for zeros

1 -
Multi-dimensional 0!
Newton-Raphson method

_'] !
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Looking for zeros

1 =
Multi-dimensional 0!
Newton-Raphson method

_'] !

Two necessary conditions
« Good initial guess
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Looking for zeros

1 =
Multi-dimensional 0!
Newton-Raphson method

_'] !

Two necessary conditions
« Good initial guess
 Local uniqueness
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Retrieving local uniqueness

We add sections: we look for zeros of

M = M xRm
: (CDT(x)—x)
X =

a(x)

4
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Retrieving local uniqueness

We add sections: we look for zeros of

M = M xRm
: (CDT(x)—x)
X =

4

a(x)

o can help us:

* Isolate a point on the orbit
* Isolate an orbit in a family
- etc.
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Numerical integration

* Numerical integration with taylor
» Why Taylor ? Symplectic integrators: difficult to add variational

equations
» Step size and order as parameters: more refined strategies

» Gives us access to the derivatives: necessary for eg. rootfinding, stability

- Integrated in julia with TaylorInterface.jl
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Why Julia?

julia v0.1in 2012, v1.0 in 2017

* Pros:
» Easy to write in and optimize
» Significant community In
scientific computing
» Reproducibility
- Cons
» Smaller community
» Instability (active development)

function dissipative_std_map(input)
€ =0.98; A =0.9; p=0.1
X, Yy = 1nput
y_prime =y + € * v(x) + A * (x - )
return (x + y_prime, y_prime)
end

grid = [
(x, y) for x in LinRange(@., 1., 51),
y in LinRange(-2., 2., 21)
]
first_iteration = map(
dissipative_std _map, grid

)
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Putting everything together

~ 8400 lines of code of julia

* Numerical integration with TaylorInterface.jl
 Sections added in Julia, derived with automatic differentiation
 Custom Newton-Raphson implementation
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Planetary results

VF , at low masses




Hill coordinates

Hill coordinates
- r; radii, r; radial velocities
- w; draconic true anomalies, ¢
G; angular momenta
» Q. node longitudes,
G; cos(i.) vertical angular momenta
 C total angular momentum
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Hill coordinates

Hill coordinates
- r; radii, r; radial velocities
- w; draconic true anomalies, ¢
G; angular momenta
» Q. node longitudes,
G; cos(i.) vertical angular momenta
 C total angular momentum

Draconic frame
We can recover Q:

_ M
- 2 (x(1)
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Numerical setup

We use the numerical julia setup described before

- Reduced Hill coordinates: 8+1 dimensions
« Two equal masses case: (1 - 2¢,¢,€),0< € < %
* Initial guess: Lagrange equilibrium, then previous orbit

- Two sections:
_ (W W,
olx) = (/(x) : /0)
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Small masses: € = 1073

L4
L3

150 | L5

100 |
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Coordinates along trajectory at € = 1073,/ = 39°

0.0 05 1.0 0.0 0.5 1.0

Introduction | VF . state of the art | Numerical methods | Planetary results | Stability | Towards P,, | Conclusion 31



Coordinates along trajectory at € = 1073,/ = 39°
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Trajectory examples - VF ., € =0.21,/ = 106°
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Trajectory example - VF ., € =0.21,]) = 130°

0.5 1

NQ.0 A

-0.5
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Stability

Should I stay or should | go?




Linear stability at € = 1073

VF,
VF,
150" -Stable part

—~ 100+

501 \

100 _50 0
Wy — Wy <O>

Stable if Sp(D®;) c unit circle
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Linear stability at € = 1073
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Increasing masses: above Gascheau’s value

Bifurcation to stability
—~ Bifurcation to instability
0.05 4|l Stable region

0.04-
w
0.031
0.021
0 10 20 30 40 50 60
J (%)
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Increasing masses: above Gascheau’s value

Bifurcation to stability . .
~ Bifurcation to instability : Similar to

0.05 4|l Stable region

0.04 -

0.03

0.021
0 10 20 30 40 50 60
J (%)
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Above Gascheau’s value (long-term stability)

Bifurcation to stability . 0.05 -
~ Bifurcation to instability :
0.05 | Stable region
0.04 -
w
] 0.08
0.031 0.02 1
-100
- -110
0.02;) 10 20 30 40 50 60 =l
J (©) f:?' —1 30
-140 1
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Astronomical consequences? Jupiter’s Trojans

10° 7

102 1

Trojan count

10° -

I 1
0 50 100 150
(%)
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Towards P,

Equal masses and bifurcations




Half-time symmetry Time-reversal symmetry
Vx e VF ., ®r(x;C) = -x Vx e VF, teR,
2
D_,(x; C) = R (m)p, ,,P,(x; C)
D1 (x; C) + X
2
= f:06C) ~ | o,(x;C)
0,(x; C)
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Half-time symmetry Time-reversal symmetry
Vx e VF ., ®r(x;C) = -x Vx e VF, teR,
2
D_,(x; C) = R (m)p, ,,P,(x; C)
D1 (x; C) + X
2
= f:06C) ~ | o0,(x;0)
0,(x; C)
Cuts integration time in half Allows us to add sections
fq = g
05(x;C) = [ Ry + R,
G, -G,
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Approaching equal masses

150
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Introduction | VF .: state of the art | Numerical methods | Planetary results | Stability | Towards P, | Conclusion 41



Approaching equal masses

150
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Approaching equal masses
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Bifurcations at equal masses
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VF . and P,,: Marchal’s family

150

50

150 -100 50 0
Aw
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The other bifurcations

 Third bifurcation
unexplored for now
____________________________________________________________ ey« First bifurcation to a “lazy
Eight”
» Cf.
and Henot, Fejoz &
Chenciner

150
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Conclusion

And further worR




Conclusion

We showed...

- Persistence of VF . in the full problem

« Numerical validation of Marchal’s generalized conjecture, up to
bifurcations

And we developped an open-source numerical toolbox for investigating
recurring dynamics

* TaylorInterface.jl is available in the Julia General Registry

- Algorithms for planetary results available at
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Conclusion

We showed...

- Persistence of VF . in the full problem

« Numerical validation of Marchal’s generalized conjecture, up to
bifurcations

And we developped an open-source numerical toolbox for investigating
recurring dynamics

* TaylorInterface.jl is available in the Julia General Registry

- Algorithms for planetary results available at

Publications

 Planetary results at
- Bifurcations in preparation
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Further work: bifurcations

mu=0.01215

Figure 41: Review of families in the restricted problem. Source:

- Detailed study and following of bifurcations along V¥ . ancd P,,
» Continue P., at non-equal masses

* Improve our algorithms for bifurcations (eg. Newton-Raphson)
« Apply TaylorInterface.jl and our numerical toolbox to more problems
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